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Abstrat
To enable the study of ritiality in multiomponent uids, the standard spherial model is gen-
eralized to desribe an S-speies hard ore lattie gas. On introduing S spherial onstraints, the
free energy may be expressed generally in terms of an S × S matrix desribing the speies inter-
ations. For binary systems, thermodynami properties have simple expressions, while all the pair
orrelation funtions are ombinations of just two eigenmodes. When only hard-ore and short-
range overall attrative interations are present, a hoie of variables relates the behavior to that of
one-omponent systems. Critiality ours on a lous terminating a oexistene surfae; however,
exept at some speial points, an unexpeted demagnetization eet suppresses the normal diver-
gene of suseptibilities at ritiality and distorts two-phase oexistene. This eet, unphysial for
uids, arises from a general lak of symmetry and from the vetorial and multiomponent harater
of the spherial model. Its origin an be understood via a mean-eld treatment of an XY spin
system below ritiality.





Critiality in liquid-vapor or uid-uid phase separation still warrants study: even after
the advent of renormalization group theory, and its suessful omparisons with experiment,
open questions remain. One example is ritiality in harged uids suh as eletrolytes,
molten salts, ioni solutions, et. The long range of the Coulomb interations impedes the
appliation of most established methods and the interplay between eletrostati eets and
long-range ritial utuations is not fully understood theoretially. Indeed, the basi issue
of the universality lass of ioni uids has been under debate for many years [1℄ and some
questions still remain open. To gain insight into this and related problems, exatly soluble
models an be valuable. Indeed, even if a model needs to be onsidered with irumspetion
in light of unavoidable simpliations, it may reveal signiant features of ritiality beyond
those established by saling and renormalization group analyses.
In the history of models in statistial mehanis, the spherial or, equivalently, the mean
spherial model [2, 3℄, has played a speial role. This poor man's Ising model [4, 5℄ has
proved to be a mine of information beause of its mathematial tratability: Thus only
as regards ritiality, one an readily investigate [4, 5, 6℄ the role of dimensionality, saling
relations, nite size eets [7℄, and the inuene of long-range integrable interations (suh as
1/rd+σ, where d is the dimension of the spae and σ>0). Consequently the spherial model
has been applied in many physial situations, initially ferromagnets and later spin glasses [8℄,
quantum transitions [9℄, spin kinetis [10℄, atively mode-loked lasers [11℄, ritial Casimir
fores [12℄, et. The model beame all the more interesting when it appeared [13℄ that it
belongs as a limiting ase, n → ∞, to the important lass of spin systems in whih n is
the dimension of the order parameter (with n=1, 2, 3, · · · for Ising, XY, Heisenberg, · · ·
models).
It is natural, therefore, to onsider spherial models with long-range Coulombi oupling.
A pioneering investigation of a one-omponent plasma (OCP) spherial model has been
undertaken by Smith [14℄; but the limitations of an OCP model are well known and, in
partiular, a gas-liquid transition and orresponding ritial behavior annot be realized.
Conversely, to treat eletrolyte solutions a realisti model should rst represent the neutral
solvent, typially water; then two further speies, namely, positive and negative ions, must
be aounted for. Even if the solvent is appoximated by a uniform, strutureless dieleti
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medium, a olloidal system, for example, requires not only the maroions and their miro-
sopi ounterions but also the representation at some level of an ioni salt; thereby a ternary
or quaternary system is alled for. Aordingly it is desirable to develop spherial models
for multiomponent systems. That is the aim of this paper. The investigation of the multi-
omponent model proves interesting in itself although we will fous on the onlusions that
an be drawn for simple binary uids with short-range attrative interations; appliations
to ioni uids are presented elsewhere [15, 16, 17℄.
Expliitly, we address a lattie gas with S speies of partiles, labelled σ = 1, 2, · · · ,S,
in the grand anonial ensemble. Partiles of a given speies may oupy or leave vaant
sites of only one sublattie so that the displaements separating the dierent interlaed
sublatties introdue the ruial hard-ore eets in a diret and transparent manner: see
Figure 1. We will use the vetors ρ={ρσ},m, µ, h, et., to denote the orresponding sets of
densities, magnetizations, hemial potentials, magneti elds, et., for the S speies. Using
the orrespondene between lattie-gas and Ising spin models, and enforing the S distint
spherial onditions with Lagrange multipliers, we extend to this multiomponent situation,
the usual spherial model approah. This yields the free energy in terms of an S×S matrix
that desribes the pairwise interations between the dierent speies : see Setion II below
and Eqns. (22)-(28). It transpires that the singular part displays a form similar not only
to one-omponent spherial models but also to Onsager's exat expression for the 2D Ising
model [4, 5℄.
In the ase of binary uids (S=2), onsidered in Setion III, major simpliations allow
us to obtain expliitly all the thermodynami and orrelation properties in terms of the
eigenvalues of the interation matrix. The density orrelations or (for harged uids) harge
orrelations for the dierent speies, appear as ombinations of two eigenmodes. These
ontributions beome unoupled only in the often onsidered but usually unrealisti fully
symmetri ase.
To study ritial behavior we go on in Setion IV to onsider systems with only hard
ores and suiently attrative short-range interations. With a proper hoie of mixing
oeients, one an dene mˇ and mˇ†, two linear ombinations of the speies mean magneti-
zations or loal densities, so that the usual spherial model ritial singularities our in the
(T, mˇ) plane at xed mˇ†. Thene, a ritial lous emerges in the full (T, mˇ, mˇ†) spae whih,














FIG. 1: (Color online) Illustration of a two-dimensional ternary lattie gas with speies labelled
σ=+,−, 0. Partiles of eah speies oupy only one of the interlaing sublatties shown as dotted,
broken, and solid lines, respetively; however, eah partile may interat with all others via pairwize
potentials φστ (R
σ −Rτ ).
of phase separation in the system. Via standard geometri arguments, ritiality in the
multiomponent model an then be dedued from orresponding one-omponent systems.
Preisely, the same ritial universality lasses are realized as in short-range (attrative)
spherial models.
Nevertheless, a signiant dierene arises in the equation of state where a new, unex-
peted mixing term appears. This an be understood heuristially as a type of demagne-
tization eet arising as a onsequene of the vetorial harater of the model oupled to
asymmetry and multispeies features. This term indeed suppresses the normal divergene
of suseptibilities at ritiality; furthermore, it indues a linear dependene of the hemial
potential and pressure as funtions of the total density in the two-phase region! These are
ertainly undesirable and unphysial features of any uid model. This wayward behavior
reinfores the remark [18℄ that, beause of the de fato vetorial harater of the order
parameter in spherial models, their preditions must be handled with perspiaity when
modeling uids.
To gain some further insight into this unantiipated demagnetization eet we study
in Setion V an XY model beneath Tc using a mean-eld approah in whih the vetorial
harater of the order parameter, oupled to an asymmetry of the external elds, leads
transparently to a very similar demagnetization eet. Finally, some general onlusions are
4
drawn in Setion VI.
II. MULTICOMPONENT SPHERICAL MODELS
A. Fluid and spin systems
We onsider a d-dimensional lattie uid in the grand-anonial ensemble that onsists of
S speies labeled σ = 1, · · · ,S, eah being assoiated expliitly with only one of S idential
interlaed sublatties (see Fig. 1). Every sublattie is taken as the image of a periodi
referene sublattie R0 after translation by a vetor δσ so that every site i on a lattie σ






. The referene sublattie is generated by the
vetors aα (α=1, · · · , d), has a unit ell volume v0 and ontains N =
∏







i,αaα speied by the integers R˜
0
i,α=1, 2, · · · , Nα.
It is well-known that a grand-anonial lattie uid is in orrespondene with a anonial















where β is the inverse temperature 1/kBT , while Nσ and µσ denote the number of partiles
and hemial potential of speies σ. The Hamiltonian Hgas is expressed as a sum over







k − rτl ) , (2)
where ϕστ is the pair interation potential while r
σ
k is the position of the k-th partile
of speies σ, oupying sites on the lattie σ. Considering a system with hard ores, i.e.,
ϕσσ(0)=+∞, the sum in (1) refers to ongurations where the loal lattie density nσ(Rσi ) =∑
k δ(R
σ
i − rσk) an be only 0 or 1, so that the loal spin variable
sσ(R
σ
i ) = 2nσ(R
σ
i )− 1 , (3)
takes the values ±1 as in the Ising model. A straightforward generalization of the proedure
























i ) +Ho(µ) . (5)
In this orrespondene, the link between the oupling energies and pair interations is
Jστ (R
σ
i −Rτj ) = −14 ϕστ (Rσi −Rτj ) if Rσi 6= Rτj , (6)












−Rτj ) , (8)











i −Rτj ) . (9)
The orrespondene between uid and spin systems follows straightforwardly for the other








i ) + 1] , (10)
while the speies orrelation funtions
Gστ (R
σ
i −Rτj ;T,µ) = 〈ρσ(Rσi )ρτ (Rτj )〉 − 〈ρσ(Rσi )〉〈ρτ (Rτj )〉 , (11)
are related to spin orrelations via
v20Gστ (R
σ
i −Rτj ;T,µ) = 14
[〈sσ(Rσi )sτ (Rτj )〉 − 〈sσ(Rσi )〉〈sτ(Rτj )〉] . (12)
As usual, the angular brakets denote grand-anonial expetation values.
In order to dene density or harge orrelations simply in this lattie geometry, it is
onvenient to work in Fourier spae. We onsider periodi boundary onditions and dene



























−Rτj ) , (14)
with any xed positions i0 and j0. The wave vetors should be ombinations of the reiproal
vetors bα (dened by aα·bα′ =2piδα,α′) suh as k=
∑
α k˜αbα with k˜α=0,±1/Nα,±2/Nα, · · · .
In the following, the rst Brillouin zone is denoted as B. The density orrelation funtion
GNN , and, for uids of partiles arrying harges qσ, harge GZZ and harge-density GNZ






τ Ĝστ (k;T,ρ) , (15)





ĜXY (k;T,ρ) , (16)
where q is an elementary harge, while the total density is ρ =
∑
σ〈ρσ〉. The term v0
ompensates here for the homogeneity dierene between the disrete and ontinuum Fourier
transforms.
B. Mean spherial model
We are not able to perform the multiple sums in (4) in general. Instead, we adopt the















i ) . (18)
As usual, the Lagrange multipliers λ˜σ are introdued to allow imposition of the mean spher-







= N , σ = 1, · · · S . (19)
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dene the Lagrange multipliers or spherial elds λ˜σ as impliit funtions of (T,h). Conse-
quently, the free energy per site (of the referene sublattie) is
− βf[T,h,λ(T,h)] = lnΞ′(T,h)/N , (20)






= 1 , σ = 1, . . .S . (21)
As already remarked in Se. I, the spherial model in this form desribes exatly spin models
with xed length or ontinuous n-omponent spins in the limit n → ∞ with appropriate
salings [13, 20℄.
As standard [3℄, the alulation of Ξ′ is performed in Fourier spae. For onsisteny, we
will suppose that Jστ satises the symmetry ondition Jστ (R
σ
i −Rτj ) = Jστ
[−(Rσi −Rτj )].
The alulation is then a straightforward generalization of the mean-spherial tehniques
used for single-speies systems. The free energy per site an be deomposed into a sum of
three parts: f=fs + fh + fo. The singular part of the free energy is









where the sum runs over the referene Brillouin zone B while Λ(k;λ) is the S×S interation
matrix with elements





(1− δσ,τ )Ĵστ (k) , (23)
in whih for any funtion ĝ(k) we employ the notation
∆ĝ(k) = 1
2
[ĝ(0)− ĝ(k)] , (24)
while, dropping the tildes in (18) and (21), the shifted or net spherial elds are
λσ = λ˜σ − 12 Ĵσσ(0) . (25)
On the other hand, the h-dependent part of the free energy is given by
− βfh(T,h) = 14β〈h|Λ−1(0,λ)|h〉 , (26)
while the analyti bakground part, following from (9), is
− βfo(T,h) = 12S ln pi − βHo/N , (27)
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whih will be negleted heneforth. Beause of the logarithm in (22), these results are valid
while the eigenvalues of the matries Λ(k;λ) are positive for every k; when one vanishes,
the expressions (22) and (26) beome singular and phase transitions are impliated.
The last step is taking the thermodynami limit N → ∞ (valid provided the Fourier
transforms remain well-dened) with the result
















k/(2pi)d, while the h-dependent free energy fh
is still given by (26). At this point, it is worth noting that the struture of fs, as an integral
over the Brillouin zone of the logarithm of the interations in Fourier spae, is similar to that
present in Onsager's exat solution of the 2D Ising model [21℄. The onsequenes for harged
systems are dramati [15, 16, 17℄ sine this form determines the oupling or deoupling of
orrelations in symmetri and asymmetri systems.
With these results in hand, we nd that the mean partile densities ρσ = 〈ρσ(Rσi )〉 are
related to the mean magnetizations via















φ = 2Λ(0)m, (31)
where µ= {µσ} and we have realled (7) and introdued a xed vetor φ= {φσ}: see (8).
Finally, in the thermodynami limit, the spin-spin orrelation funtions are given by














The previous analysis holds for an arbitrary number of speies. From here on, however,
we fous on the simplest ase, i.e., binary mixtures with speies labels 1 and 2. For many
properties, it is useful to deompose densities, hemial potentials, et., in terms of means
and dierenes; so for every funtion gσ (or gσσ) we dene
g¯ = 1
2
(g1 + g2) , g
† = 1
2
(g1 − g2) . (33)
Moreover, for simpliity, we suppose that the translation vetors δσ=
∑
α δ˜αaα satisfy δ˜α=0
or 1/2 so that the Fourier transforms Ĵστ are real.
A. Basi features






and, following (33), write
∆J¯(k) = 1
2
(∆J11 +∆J22) , (35a)
∆J†(k) = 1
2
(∆J11 −∆J22) . (35b)
Then the eigenvalues of the 2× 2 matrix Λ may be written




[λ† +∆J†(k)]2 + 1
4
[Ĵ12(k)]2 ≥ 0. (37)
As remarked above, these expressions are valid when Λ− and Λ+ are nonnegative while
singularities arise only when Λ−(k;λ) [≤ Λ+(k;λ)]→ 0.
Now the argument of the free energy integral in (28) is ln{β2Det[Λ]}, where the deter-
minant of the interation matrix an now be written
Λ−Λ+(k;λ) = u+ 2λ¯∆J¯(k)− 2λ†∆J†(k) + ∆J 2(k), (38)
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where we have introdued the ruial parameter
u(λ) ≡ Λ−Λ+(0;λ) = λ¯2 − λ†2 − j02 , (39)
whih vanishes when Det[Λ(k)] vanishes at k = 0, while the squared interation term in
(38), namely,
∆J 2(k) = j0
2 − 1
4
Ĵ 212(k) + ∆Ĵ11(k)∆Ĵ22(k), (40)
vanishes as |k2|.








+m2τ , τ 6= σ. (41)








while the magnetization-eld or density-hemial potential relation (31) beomes
1
2
hσ = mσλσ −mτj0 , τ 6= σ. (43)
At this point, Eqs. (34)-(43) entirely dene the system and the need is to analyze their
struture and onsequenes.
B. Correlation funtions














In terms of these, one an use (15) to obtain the overall density-density orrelation funtion,
ĜNN and, the omplementary ompositional orrelations or, for harged systems, the harge-
harge orrelation funtion ĜZZ.
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From a purely mathematial perspetive, it is also instrutive to deompose the utu-
ations with respet to the eigenvetors of Λ whih, of ourse, depend on the wavevetor k
and the elds λ. Thus if we dene φ(k) via
tanφ(k) = 2
{
D(k;λ)− [λ† +∆J†(k)]} /Ĵ12(k), (46)
it an be interpreted as the angle determined by the eigenvetor assoiated with Λ+(k;λ)
relative to the σ=1 axis. Then if we introdue the density utuations ρ+(k;λ) and ρ−(k;λ)
via
ρ± = [ρ1 cosφ(k;λ)∓ ρ2 sinφ(k;λ)] /
√
2, (47)













while Ĝ+−=Ĝ−+ vanishes identially.
However, the eigenmodes (47) will rarely be of diret physial signiane. Rather the
physially aessible utuations, represented in partiular by the struture funtions in-



























Evidently, singular behavior, antiipated at ritiality in Λ−(k;λ), will in general aet both
SNN and SZZ as we disuss in detail elsewhere [15, 16, 17℄.
However, a speial situation arises when the two speies 1 and 2 are symmetrially related
so that Ĵ11(k) = Ĵ22(k) whih implies, via (35b), ∆J
†(k) ≡ 0. For a harged system this
orresponds to omplete harge symmetry as exemplied most simply in the restrited prim-
itive model (RPM) of equisized hard spheres with harges of equal magnitude but opposite
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sign. But neutral systems where speies 1 and 2 dier only in hirality demand a symmetri
desription quite naturally. Then, on the lous of symmetry where ρ1=ρ2 (orresponding to
eletroneutrality in 1:1 ioni uids) one has µ1=µ2 and, hene, via (31), λ1=λ2 and thene,
via (33) λ† ≡ 0. In this ase one sees from (50) that B(k;λ) vanishes identially so that
the eigenmodes preisely speify SNN and SZZ whih, therefore, beome totally deoupled !
This turns out to play a ruial role in the study of harge sreening near ioni ritiality
[15, 16, 17℄ albeit for generally unrealisti harge-symmetri systems.
A small tehnial detail deserves mentioning in this fully symmetri ase if Ĵ12(k) should
hange sign for k 6=0 (whih is not unreasonable); then the ratio Ĵ12/D(k;λ) in (50) together
with Λ+ and Λ− involve nonanalyti absolute values but in suh a way that the ombinations
SNN and SZZ in (49) remain ompletely analyti.
Finally, the ross harge-density struture funtion is also expressible as a ombination













As is to be antiipated, this vanishes identially on the symmetry lous when (1, 2) symmetry
is present.
C. Appropriately mixed thermodynami variables
Depending on the symmetry of the system, the previous relations may be handled more
or less onveniently. In the general asymmetri ase (Ĵ11 6= Ĵ22), the spherial onstraints
































Note that, sine Λ− and Λ+ are nonnegative, the ondition (52) is onsistent with the
expetations |m|≤1 and |m†|≤1.














whih are simple generalizations of the typial integrals involved in the analysis of standard
spherial models.
Now, in the fully symmetri ase, ∆J†, λ†, and m† vanish identially so that the rela-
tions (53) and (54b) have no role to play. Then (52) and (54a) losely resemble the basi
expressions for the single-speies (S=1) or standard spherial model. These in turn lead to
the basi equation of state whih, in terms of the redued temperature variable
t = (T − Tc)/Tc, (57)
an be written most transparently near the ritial point (T =Tc, m=0) as [4, 5, 6℄
p0u
1/γ ≈ ctt + cmm2, (58)
where, realling (39), u= λ¯2 − j20 while γ≥ 1 is the fundamental dimensionality-dependent
exponent, and p0, ct, and cm are xed positive oeients.
Now physiohemial insight into the behavior of binary uid mixtures suggests strongly
that their ritial behavior will, when expressed in terms of suitable density and eld vari-
ables be essentially the same as for a single-omponent uid. However, the suitable or
appropriate variables will, in leading order, be linear ombinations or mixtures of the re-
lated binary thermodynami variables, speially, the elds and densities. Furthermore,
the appropriate mixing oeients must, in general, be nontrivial funtions of the state
variables.
It follows that our primary task now is to nd what the appropriate mixing oeients












together with orresponding remixed interations







The mixing parameter θ is to be determined later. In terms of these new variables and
interations, the basi determinant beomes
Det[Λ] = u+ 2λˇ∆Jˇ(k)− 2λˇ†∆Jˇ†(k) + ∆J 2(k), (61)
where, following (39), the value at k=0 is now
u(λ1, λ2) = λˇ
2 − λˇ†2 − j02. (62)
Then it proves neessary to introdue a seond state-dependent mixing parameter θm by
writing
mˇ, mˇ† = 1
2
(
θ−1m m1 ± θmm2
)
. (63)
In terms of these new variables and the integrals (55) and (56), the original spherial on-
ditions (41) beome









2 − 2mˇmˇ†). (64b)




θ−1h h1 + θhh2
)
, hˇ† = 1
2
(
θ−1h h1 − θhh2
)
, (65)
whih are linked to the generalized magnetizations via
hˇ = mˇ
[




(λˇ− j0)ω− + λˇ†ω+ + j0pi+m†
]
, (66)
and similarly for hˇ† in terms of pi−m and pi
−
m†






are found to be
ω± = θθm/θh ± θh/θθm , (67)
pi±m/(θm − 1/θθm) = pi±m†/(θm + 1/θθm)
= θ/θh ∓ θh . (68)
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With these new elds and magnetizations, the free energy per site redues to
fh = −12 (θhθm + 1/θhθm) (mˇhˇ + mˇ†hˇ†)
+ 1
2
(θhθm − 1/θhθm) (mˇhˇ† + mˇ†hˇ). (69)
As we will show, the hoie of the oeients θ, θm and θh will be ditated by physial
arguments in order to ensure ompat and familiar expressions for the ritial behavior.
IV. BINARY LATTICE GASES WITH SHORT-RANGE ATTRACTIVE INTER-
ACTIONS
To obtain expliit results for ritial behavior we fous now on binary systems with short-
range interations (in addition to the hard ores already aounted for). Aordingly, we
suppose that the small-k expansions of the interations in k spae are




, (σ, τ = 1, 2), (70)
with xed range parameters Rστ . Moreover, to ensure simple ritiality, we suppose that





Ĵ12(0)>0 and ∆|Ĵ12(k)| > 0, ∆J¯(k) > 0 ∀k 6= 0. (71)
These onditions are easily fullled, as, for example, when J12(r)=J12(−r) while J11(r) and
J22(r) are positive for all r.
A. Critial loi
To identify the singularities of the binary systems, we reall that they are signaled by
the vanishing of one of the eigenvalues of Λ, whih ours rst when Λ−(k;λ) vanishes. As
shown in Appendix A, these singularities arise only when (i) k=0, and, thene, (ii) when
the spherial elds λ satisfy
u(λ1, λ2) = 0 , (72)
provided the asymmetries of the interations are not too extreme in the sense that, as we
suppose heneforth, ∆J†(k) [dened in (35b)℄ satises the onditions (A2) and (A7).
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Now, any state of the system is speied ab initio by the three thermodynami elds
(T, µ1, µ2) whih, via (21), give λ(T,h), and then the densitiesm. However, for the loation
of ritial points, it is more onvenient to utilize the set of variables (T, mˇ, mˇ†) introdued
in (63) and then to solve for (λˇ, λˇ†) as dened in (59).
Next, let us hoose θm > 0 in (63) so that mˇc vanishes at ritiality or, in other words,
take θm=(−m1,c/m2,c)1/2. This ondition will be analyzed below in seeking a ritial point,
at a given value of mˇ†. Likewise, we hoose θ > 0 in (59) so that λˇ†c = 0. This ondition
then enfores the link between θ and mˇ†, sine it implies θ2 = λ1,c/λ2,c. As established in
Appendix A, the singularities are haraterized by u=0, whih via (62) means λˇc = j0 and
thene, λ1,c = θj0 and λ2,c = j0/θ.
At this point, one must pay attention to the behavior of integral expressions (55) and (56)
when Λ−(0) approahes zero. If we aept (70) we nd that Λ− varies as k
2
when Λ−(0)=0
and then G(λ) and Lσ(λ) remain nite at the singularity provided d>d<=2 (in this ase)
as seen in [22℄. Aordingly, from here on we suppose the dimensionality exeeds d=2 and
may then write
G(λc) = g0(θ)/j20 , Lσ(λc) = g0(θ)lσ,0(θ)/j0, (σ = 1, 2). (73)
The residual θ-dependene arises from ∆Jˇ and ∆Jˇ†, see (60), (61), (55) and (56).
Putting these onsiderations together we nd that the ritial lous, Tc(mˇ
†) with mˇc=0,









(θ − 1/θ) + l1,0(θ)− l2,0(θ)
(θθ2m − 1/θθ2m) + l1,0(θ)θ2m − l2,0(θ)/θ2m
. (75)
In fat, the latter relation must be seen as an impliit equation giving θ as a funtion of mˇ†
while, as shown below, θm will also be related to θ. Hene, if one realizes that mˇ
†
(i.e., some
ombination of the densities other than the total density) haraterizes the omposition of
the system, the funtion Tc(mˇ
†) desribes naturally the omposition dependene of ritiality
in the binary uids.
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B. Critial neighborhood
We seek an expression for the physial properties of the binary system in terms of
(T, mˇ, mˇ†) near the ritial lous (Tc, 0, mˇ
†). For this purpose, we rst solve for λˇ† in terms of
T , mˇ and mˇ†: this an be done impliitly in the general ase by invoking (64), and expliitly
in the viinity of a ritial point by implementing a perturbation sheme at xed mˇ†. To
this end, onsider the ritial point at Tc(mˇ
†) and mˇc=0 and its viinity dened by the two
small parameters, t∝ (T − Tc), as introdued in (57) and mˇ. By onstrution, u and λˇ†
are small parameters near ritiality, so that the integral involved in G(λ) an be omputed
as usual in spherial models, see [4, 6, 22℄. However, a signiant new feature is that the
integral is now a funtion of two vanishing parameters, u and λˇ†. The appropriate extension
of the standard ritial expansion [22℄ yields
G(λ) = g0j−20
[











with oeients p, p†, q0, g1, and g2 whih in general still depend on θ, and with the ritial
exponent
γ = max [2/(d− 2); 1] . (77)










We note that g1 and lσ,1 vanish in the symmetri ase when ∆J
†=0, while g1, g2, p
†
, lσ,0,
lσ,1 and lσ,2 are all of order ∆Jσσ/j0.
Using these expansions one an expliitly expand the terms in the spherial onstraints
(64) about their values at ritiality, whih then provides the required relation between u1/γ,
λˇ† and t and mˇ. To proeed further, we aim to hoose the mixing parameters and, expliitly,
θm, to ensure that the resulting expansion for u
1/γ
begins at orders t and mˇ2, as in (58),
rather than with mˇ as (64) naively implies. This an be done by imposing the ondition
θ4m =
1− g1(θ)− θl2,1(θ)
θ[θ + θg1(θ) + l1,1(θ)]
. (79)
To study this, onsider rst the symmetri ase when g1= lσ,1=0; the ondition then
redues simply to θ2m=1/θ, whih, in ombination with (75), leads to the equation
(1 + mˇ†
2
lσ,0)(1− θ2) = 0 . (80)
18
The onditions (71) enfore ∆Ĵσσ ≥ 0 in symmetri systems whih leads to l1,0 = l2,0 > 0.
Consequently, the only positive solution of this equation is θ=1, independently of mˇ†. Thus
we obtain θ=θm=1. Finally, we disover, as naturally expeted, that symmetri ritiality
is onned to the manifold m¯c = 0 or (ρ1 + ρ2)c =
1
2
v−10 , while the ritial lous is given
expliitly by the simple paraboli form
T symc (ρ1, ρ2)
T symc,max




In the general, nonsymmetri ase the ondition (79) is less tratable and might even
lead, one ould suspet, to multiple solutions. To keep the analysis at the simplest level, we
note that the oeients g1(θ) and lσ,1(θ) are atually of order Ĵ11(0)/j0 and Ĵ22(0)/j0. For
the present work, we will, thus, restrit attention to systems in whih the (1, 1) and (2, 2)
interations are suiently small relative to the (1, 2) attrations (whih, then, predomi-
nantly drive phase separation and yield ritiality). In these irumstanes the right hand
side of (79) remains positive, ensuring solutions for real θm and θ: we then selet a positive
root for θm.
Supposing then, that the ondition (79) is satised, the spherial onstraint in the general
ase has the expansion
pu1/γ
[
1 +O (u1−1/γ , t, mˇ)] = ctt+ cmmˇ2 +O(tmˇ, mˇ3) , (82)
where, with the oeients p, l1,0, · · · dened via the expansions (76) and (78), we nd



























These expressions are derived only for γ > 1, but the general expansion (82) remains valid
when γ = 1 with, however, dierent oeients. For ∆Ĵσσ small enough, ct and cm are
19
positive (whih we suppose from here on). Thus the struture of (82) leads to the usual
form of the ritial singularity in the spherial model.









2 +O(t2, mˇt, mˇ3) , (86)
where, in similar fashion, the oeients are found to be











It should be noted that in the symmetri ase, where θ = θm = 1, both these oeients,
c′t and c
′
m, vanish. At this stage, having obtained expansions for u and λˇ
†
 and thus for
λ1 and λ2 as funtions of T , mˇ, and mˇ
†
, we are in a position to derive all the physial
properties of the system in terms of the uid variables T , µ1, µ2, and ρ1 and ρ2.
C. Equation of state
To alulate the equation of state, we need to rewrite the relation (66) for the eld hˇ using
the expansions of u and λˇ† in terms of t and mˇ, at xed mˇ†, together with the expansion
λˇ− j0 = (u+ λˇ†2)/2j0 +O(λˇ†4 , uλˇ†2, u2), (88)
whih follows from (39). At this point, we resolve the freedom to hoose θh in (65) by
requiring that the resulting expression for hˇ is minimally singular. We ahieve this by
aneling the O(u) term introdued by the fator mˇ†(λˇ− j0) on the right hand side of (66),
by hoosing
θh = θθm , (89)
so that ω− in (67) vanishes identially. With this hoie the equation of state an be written





2 +O(mˇ3, tmˇ)}γ [1 +O(t, mˇ, u1−1/γ)] , (90)
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provided the expression in braes, whih derives from u, remains nonnegative; otherwise,
this expression must be replaed by zero. Reall indeed, that u must be nonnegative for the
free energy to be well dened.
On the left hand of (90) the oeient
hˇc(mˇ
†) = j0mˇ
†(1− θ2θ4m)/θθ2m , (91)
serves to speify the ritial elds, h1,c and h2,c [via (65) and (88)℄ and thene the ritial
hemial potentials µ1,c and µ2,c. Note that hˇc vanishes with mˇ
†
so that in a symmetri
system, where θ=θm=θh=1, ritiality ours, as natural, when h¯c=0.
The linear term in t, with mixing oeient
ch(mˇ
†) = 2mˇ†c′t, (92)
similarly determines the near-ritial T -dependene of the hemial potentials, µΣ,1(T ; mˇ
†)
and µΣ,2(T ; mˇ
†), on the phase boundary, a feature to be antiipated in binary uid mixtures.
Finally, note the linear term in mˇ on the left hand side of the equation of state (90): this
is quite unantiipated from the perspetive of previously studied spherial models, at least
to the authors' knowledge. The orresponding oeient, whih for reasons to be explained
below, we all the demagnetization fator, is given by












in whih further powers of mˇ should be notied. In a symmetri model, this fator simplies
to the fairly expliit expression










Finally, as regards the seond external eld hˇ†, or hemial potential, near ritiality we
have




























FIG. 2: (Color online) Phase boundary in terms of the magnetization m¯= 12(m1 +m2) and m
†=
1
2(m1 −m2) in the symmetri ase. Critiality ours on the bold line. The surfae represents the
limit of the single-phase region. Below the surfae the parameter u stiks at zero.
where the right hand side has the same form and is subjet to the same onditions as in





and the modied demagnetization fator is
n














For symmetri models, these three relations redue simply to
h† = 4j0m
† +O(m¯, t2). (98)
D. Phase diagram and ritial behavior
Our result (90) and subsequent relations (91)-(93), desribe the equation of state, i.e. the
relations between the densities, m1, m2, or ρ1 and ρ2, and the elds, h1, and h2, or hemial
potentials, µ1 and µ2, at temperature T lose to ritiality. To reveal spei, harateristi
features we onsider, rst, the phase boundary in terms of the sum and dierene densities mˇ
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and mˇ†. It follows from (90) that the phase boundary below and up to Tc(mˇ
†) is determined
by the relation u(t, mˇ, mˇ†) = 0. Figure 2 depits the boundary in the spae (T, m¯,m†) for
a symmetri system, for whih the ritial lous was already derived in (81). Evidently, at
xed m† and for T < Tc(m
†) there is a omposition gap ∆ρ¯(T ) = ρ¯α − ρ¯β , where α and β
label the two phases. This vanishes as T → Tc(m†) and from the magneti perspetive is
most readily expressed in terms of the spontaneous magnetization whih is desribed by
mˇ0(T ) ≈ B|t|β with β= 12 , (99)
where B=(ct/cm)
1/2
. In fat the ritial exponent β= 1
2
represents the standard universal
spherial model result!
As regards the other ritial exponents of the general binary uid model, our hoie of
the mixing parameters θ, θm and θh at xed mˇ
†
ensures that they basially math those of
the orresponding single-omponent spherial models. This, of ourse, is in agreement with
general onsiderations of the thermodynamis of multi-omponent uids [23℄. Thus regarding
the density orrelation funtions, the deomposition (49) shows that the dominant behavior
of the density struture funtion near ritiality is given by
SNN(k;T,ρ) ≈ 1/(u+ k2R2c + . . .) , (100)
where Rc is a nonzero range parameter, while on the ritial isohore, mˇ= mˇc=0, we have
u ∼ tγ as follows from (82). Hene, we nd SNN(k=0;T,ρc)∼1/tγ whih is onsistent with
the denition of the ritial exponent γ via, say, light sattering experiments. At ritiality,
this result also implies SNN(k;Tc, ρc)∼1/k2, whih onrms the lassial value η=0 of the
ritial point deay exponent.
Moreover, in leading order lose to but above ritiality one an establish the saling form
SNN(k;T, ρc) ≈ t−γXNN [kξN(T )], (101)
where the density orrelation length is ξN(T )≈ξ0/tν with ritial exponent ν= 12γ in aord
with the general saling relation γ=(2−η)ν. The saling funtion XNN(x) has the standard
Ornstein-Zernike form ∝1/(1 + x2).
However, the equation of state in terms of T , mˇ, and the eld hˇ requires further exami-
nation. Thus, while the standard spherial model singularities embodied in (58) are evident,


















FIG. 3: Shemati depition of the equation of state at xed mˇ† (6= 0) in a symmetri system for
temperatures above, at, and below ritiality. In the latter ase, the equation of state redues to
the linear demagnetization form h¯=nm¯ (dashed line) for −m¯0 ≤ m¯ < m¯0 (where m¯0 ∼ tβ) and h¯
in the interval (−h¯0, h¯0).
understand their signiane, onsider symmetri systems (i.e., with Ĵ11= Ĵ22), where (90)
redues to
h¯ ≈ nm¯+ j0p−γ(ctt+ cmm¯2)γ, (102)
while the demagnetization fator n(m¯,m†) is then given by (94) and vanishes only if m†=0.
More generally, however, we note that n(mˇ= 0, mˇ†) vanishes in asymmetri systems, only
on the speial two loi mˇ†=±mˇ†s where one nds
mˇ†
2
s = (1− θθ2m)2w(θ)/4θ2θ4mc0. (103)
It now follows from (102) that the inverse thermodynami suseptibility or partial om-
pressibility, 1/χ ≡ (∂h¯/∂m¯)t, does not vanish at the ritial point t=0, m¯c=0: see Figure
3. Consequently, the suseptibility does not diverge near ritiality in the general ase! The
ulprit is learly the demagnetization eet, i.e., the term nm¯ whih arises both from the
ompositional asymmetry (when mˇ† 6= 0) reeting the multiomponent nature of the bi-
nary uid, and, from the underlying vetorial harater of the order parameter: reall that
spherial models orrespond to the n→∞ limit of systems of vetor-valued spins. Indeed,
as we demonstrate in the next setion, the origin of the demagnetization eet in spherial
models an be understood diretly in terms of vetor spin models.
The nondivergene of the suseptibility/ompressibility χ means that standard isother-
mal plots of the hemial potential (or, similarly, the pressure) vs. density or of magneti
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eld vs. magnetization near ritiality take the form illustrated in Fig. 3 with, in general, a
nonzero slope at T =Tc xed by the value, nc, of the demagnetization oeient. Note, in
partiular, that below Tc what would in a standard uid system be a onstant isotherm of
zero slope through the two-phase region i.e., the interval set by the spontaneous magne-
tization, m0(T ) is now replaed by a straight line with the same xed slope nc (at least
lose to Tc).
It is this fat that leads us to all this anomalous behavior, ertainly unphysial in a
uid model, a demagnetization eet. To be more spei, in a real magneti system with
long-range dipole-dipole interations, one must distinguish between the externally applied
magneti eld H
ext
, analogous here to h¯ (or hˇ), and the internal eld, H
int
, whih is what is






where M , analogous here to m¯ (or mˇ) is the magnetization while N is the demagnetization




are real-spae vetors, as is
M, and the relation (104) an be used only when the system is in the form of an ellipsoid
and diretions parallel to the major axes are onsidered. (In the ase of a sphere one has
N=4pi/3 [24, 25, 26℄.)
One might, in light of these onsiderations, ask if one should not, similarly, be able to




−nmˇ, that would play a natural thermody-
nami role. However, on the one hand, given the impliit variation of n(mˇ, mˇ†), this seems
unlikely to be related to the basi thermodynami parameters, T , µσ, and ρσ, suiently
diretly to be of real value, and, on the other hand, the higher order terms in (90) indi-
ate that the linear slope shown in Fig. 3 for the two-phase region, will beome nonlinear
outside the ritial region.
Finally, as a further aution, another unphysial feature of the present multiomponent
uid models must be noted. Indeed, it enters even in single-omponent spherial models
[4, 5, 18℄! Speially, whenever γ > 1 and nc = 0 so that the suseptibility χ diverges to
∞ on approah to Tc along the ritial isohore, it also diverges when the phase boundary
is approahed below Tc. Even for nc 6= 0, a orresponding anomalous feature arises and is
embodied in Fig. 3 where the slope of the isotherm below Tc remains ontinuous through










FIG. 4: Vetorial representation of the two-speies spherial model within a mean-eld piture in
whih m1 and m2 are the two sublattie magnetization vetors that an rotate with respet to the
diretion, the y axis, set by the parallel external elds, h1 and h2.
breaks in the slope!
V. VECTOR SPIN MODEL ANALYSIS
To understand the origin of the demagnetization-like eets that enter the present multi-
omponent spherial models, it is helpful to reognize that spherial models orrespond
preisely to the n→∞ limit of appropriate systems of n-omponent spins [13℄. The vetorial
harater of the order parameter is thus a trademark of the model [4, 5℄, oupled here
to asymmetry and multiomponent features. The `seret' of the demagnetization eet
appearing rst in (90) an then be understood by regarding our binary-uid spherial models
as magneti models with two lasses of spins on separate sublatties, just as in (1)-(14), but
now as xed length vetor spins, sσ(R
σ
i ) (σ=1, 2), rather than salar Ising spins as originally
ontemplated.
To obtain insight into the behavior of the model below Tc, we may use a simple mean-
eld approah by representing the overall sublattie magnetizations by two mean values, m1
and m2. The lengths of these magnetization vetors should ideally be taken as m
0
σ(T ), the
spontaneous magnetizations (at xed T <Tc); but it sues here to onsider the symmetri
situation and so aept equal xed lengths |m1|= |m2|=1.
Then, in ontrast to most realisti magneti systems, it is imperative to allow for the
imposition of two distint external magneti elds h1 and h2, orresponding, as fundamental
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for uid models, to two distint hemial potentials µ1 and µ2. However, for the hemial
interpretation, we must take h1 parallel to h2 and may identify the preferred diretion as
the y axis: see Fig. 4. The omponents (m1)y and (m2)y then orrespond to the densities
m1 and m2 in our previous analysis, while
h¯= 1
2
(h1 + h2) with hσ=(hσ)y (105)
desribes the external eld/hemial potential. On the other hand, h† = 1
2
(h1 − h2) har-
aterizes the ompositional asymmetry of the system (even when the two speies, here the
magneti sublatties, are symmetrially related): that asymmetry is at the heart of the
matter. As regards the vetor-spin dimensionality, however, it sues to allow for only one
more dimension and so, regard the mσ as XY or O(2) order parameters.
Finally, beyond the symmetri intrasublattie ferromagneti ouplings (that lead to the
spontaneous magnetizations), we allow for the intersublattie interations by a oupling
onstant j > 0 (analogous to j0 above). Thus we take the essential part of the mean-eld
free energy to be
F(h¯; h†;m1,m2) = −h1·m1 − h2·m2 − jm1·m2. (106)
Here the external eld h¯ is the ontrol variable while h† is xed and, as usual, F is to be
minimized with respet to m1 and m2.
Let us, as in Fig. 4, introdue the mean tilt angle Θ between the y-axis and m¯= 1
2
(m1 +
m2) and the splitting or separation angle δ, between the mσ and the m¯. For simpliity we
suppose that δ is small (whih requires |h†| ≪ j); then minimization on δ yields
Fmin(Θ) = −j − 2h¯ cosΘ− 2h
†2 sin2Θ
2j + h¯ cosΘ
+O(h†2/j2). (107)
Consider, rst, the fully symmetri ase in whih h† = 0 (and δmin = 0). Minimizing
this expression on Θ then gives Θmin = 0 for h¯= 0 but Θmin = pi for h¯ < 0. This evidently
orresponds to the usual ferromagneti situation in whih (negleting dipolar interations
and demagnetization eets) the magnetization m¯ swithes abruptly from m¯ ≡ (m¯σ)y=−1
to +1 as the eld h¯ passes through zero.
On the other hand when h† 6=0 the minimizing value of Θ assumes a nontrivial value for
h¯ between the limits ±h¯0 given by
h¯0 = j
(√








up to orretions of relative order (h†/j)2. As a onsequene, the magnetization m¯(h¯) no
longer jumps disontinuously at h¯=0 from m¯=−1 to m¯=+1 but rather varies ontinuously
















More expliitly to leading order in (h†/j)2 one nds for |h¯|<h¯0,





1− 2h¯2/h†2 − 1
]
, (110)
while for |h¯|>h¯0 one has cosΘ=sgn{h¯}.
In words, for an external eld h¯ not too large ompared to the square of the asymmetri
eld h†, the spins ant themselves in a diretion Θmin 6= 0, with, indeed, Θmin= pi/2 when
h¯=0! This minimizing behavior of vetor spins is learly the origin of the seeming demag-
netization eet and explains our result for the spherial model. Indeed, near the origin,










Thus, as the spherial model itself, the asymmetry of the spin model, oupled to the ve-
torial harater of the order parameter, leads to a non-vanishing inverse suseptibility near
ritiality in the general ase. Note also that, as in the spherial model, the divergene of
χ re-emerges in the symmetri ase when h†=0. Finally, the nonlinear terms in h¯ implied
by (109) show that one annot hope to nd a simple demagnetization desription as in
[24, 25, 26℄.
VI. CONCLUSIONS
We have introdued multiomponent generalizations of the standard spherial model
that embody lattie-gas hard ores for many-speies uids by using interlaed sublatties.
Taking into aount a spherial onstraint for eah distint speies, we have obtained exat
expressions for the free energy and pair orrelation funtions in the general ase, in terms of
the basi Fourier spae interation matrix. We have then foused on binary uids where the
diagonalization of 2×2 matries leads to relatively simple results for the physial properties
28
of the system. We nd that density and (for ioni uids) harge orrelation funtions an
be deomposed naturally in terms of two eigenmodes. This formulation, whih ould well
have broader validity, has dramati onsequene for harged uids as we expound elsewhere
[4, 5, 15, 16, 17℄.
The present artile onsiders uids where, in addition to hard ores, only short-range
overall attrative interations are present. We show that with an appropriate hoie of
variables (in the form of linear ombinations of the mean magnetizations/densities or ex-
ternal elds/hemial potentials for the two speies), the usual ritial properties of single-
omponent spherial models an be unovered in aord with general thermodynami argu-
ments for multiomponent solutions. Speially, as the relative omposition of the system
varies, ritiality is realized on a well dened lous in the full phase diagram.
However, an unexpeted and intrinsially unphysial pseudodemagnetization phe-
nomenon arises that, exept on ertain submanifolds, prevents the usual divergene of
the thermodynami suseptibilities/ompressibilities at ritiality. This feature, undesirable
for model uids, is found to be a onsequene of an interplay between speies and om-
positional asymmetry and the multidimensional harateristis represented by the hidden
vetorial harater of the order parameter in spherial models. The behavior an, indeed, be
understood via a simple mean-eld desription of a orresponding XY spin model. Despite
this artiial aspet, requiring aution in interpreting results, further aspets of the multi-
omponent spherial models seem worth pursuing: on the one hand, ternary uid models
with, say, positive and negative ions in solutions of neutral moleules, ould be instrutive;
on the other hand, magneti systems with dierent types of ions ould reveal interesting
behavior.
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APPENDIX A: LOCATION OF SINGULARITIES
In this appendix, we loate the singularities of the binary spherial model for the generi
ase of short-range interations. The singularities derive from the vanishing of Λ−(k;λ) and
we obtain suient onditions to ensure that they arise only when k=0.
1. Viinity of the origin
We rst onsider the small-k behavior of Λ−(k;λ). Owing to the seond ondition (71),
the range R12 dened in (70) satises R
2
12>0. Note also the relations ∆J¯(k)≈ j0R¯2k2 and










+ · · · , (A1)
whih will be valid in a domain |k| ≤ km>0. From the third ondition (71) we nd R¯2>0




2 ≤ R¯2, (A2)
we are assured that k=0 is indeed the minimum of Λ−(k;λ) when k ≤ km.
2. Remainder of the Brillouin zone
Consider now the subdomain B′ of the Brillouin zone B, onsisting of all vetors k outside
the origin domain |k| ≤ km. In the symmetri ase when ∆J†=0 (marked by supersripts
sym), the seond ondition (71) leads to |Ĵ12(k)|<j0 so that
∆Λsym− ≡ Λsym− (k;λ)− Λsym− (0;λ) > ∆J¯(k) . (A3)
But, aording to the last member of (71), there exists a δΛsym− suh that
∆Λsym− (k;λ) ≥ δΛsym− > 0 , for k ∈ B′ . (A4)
In the general ase where ∆J† is arbitrary, we may write
Λ−(k;λ)− Λ−(0;λ) = ∆Λsym− (k;λ) + δΛ−[∆J†(k)] , (A5)
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[λ† +∆J†(k)]2 + 1
4
Ĵ212(k) . (A6)
Then, noting that |∂(δΛ−)/∂∆J†(k)| ≤ 1 and ∆J†(0) = 0, we see that |δΛ−[∆J†(k)]| ≤
|∆J†(k)|. Hene, aepting the further ondition
max
k∈B′
[|∆J†(k)|] < δΛsym− , (A7)
whih means that the asymmetry is not too strong, one onludes that Λ−(k;λ)>Λ−(0;λ)
for all k in B′.
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